Analytical formulas for the excitation energies as well as for the electric quadrupole reduced transition probabilities in the ground, beta and gamma bands were derived within the coherent state model for the near vibrational and well deformed nuclei. Numerical calculations were performed for 42 nuclei exhibiting various symmetries and therefore with specific properties. Comparison of the calculation results with the corresponding experimental data shows a good agreement. The parameters involved in the proposed model satisfy evident regularities being interpolated by smooth curves. Few of them, which fall out of the curves, are interpreted as signatures for a critical point in a specific phase transition. This is actually supported also by the figures showing the excitation energy dependence on the angular momentum. The formulas provided for energies and B(E2) values are very simple, being written in a compact form, and therefore easy to be handled to explain the new experimental data.
I. INTRODUCTION
Since the liquid drop model was developed [1] , the quadrupole shape coordinates were widely used by both phenomenological and microscopic formalisms to describe the basic properties of nuclear systems. Based on these coordinates, one defines quadrupole boson operators in terms of which model Hamiltonians and transition operators are defined. Since the original spherical harmonic liquid drop model was able to describe only a small amount of data for spherical nuclei, several improvements have been added. Thus, the Bohr-Mottelson model was generalized by Faessler and Greiner [2] in order to describe the small oscillations around a deformed shape which results in obtaining a flexible model, called Vibration Rotation Model (VRM), suitable for the description of deformed nuclei. Later on [3] this picture was extended by including anharmonicities as low order invariant polynomials in the quadrupole coordinates. With a suitable choice of the parameters involved in the model
Hamiltonian the equipotential energy surface may exhibit several types of minima [4] like spherical, deformed prolate, deformed oblate, deformed triaxial, etc. To each equilibrium shape, specific properties for excitation energies and electromagnetic transition probabilities show up. Due to this reason, one customarily says that static values of intrinsic coordinates determine a phase for the nuclear system. A weak point of the boson description with a complex anharmonic Hamiltonian consists of the large number of the structure parameters which are to be fitted. A much smaller number of parameters is used by the coherent state model (CSM) [5] which uses a restricted collective space generated through angular momentum projection by three deformed orthogonal functions of coherent type. The model is able to describe in a realistic fashion transitional and well deformed nuclei of various shapes including states of high and very high angular momentum. Various extensions to include other degrees of freedom like isospin [6] , single particle [7] or octupole degrees [8] of freedom have been formulated [9] .
It has been noticed that a given nuclear phase may be associated to a certain symmetry.
Hence, its properties may be described with the help of the irreducible representation of the respective symmetry group. Thus, the gamma unstable nuclei can be described by the O (6) symmetry [10] , the gamma triaxial nuclei by the rigid triaxial rotor D2 symmetry [11] , the symmetric rotor by the SU(3) symmetry and the spherical vibrator by the U(5) symmetry.
Thus, even in the 50's, the symmetry properties have been greatly appreciated. However, a big push forward was brought by the interacting boson approximation (IBA) [12, 13] , which succeeded to describe the basic properties of a large number of nuclei in terms of the symmetries associated to the system of quadrupole (d) and monopole (s) bosons which generate a U(6) algebra. The three limiting symmetries U(5), O(6), SU(3) mentioned above, are dynamic symmetries for U (6) . Moreover, for each of these symmetries a specific group reduction chain provides the quantum numbers characterizing the states, which are suitable for a certain region of nuclei. Besides the virtue of unifying the group theoretical descriptions of nuclei exhibiting different symmetries, the procedure defines very simple reference pictures for the limiting cases. For nuclei lying close to the region characterized by a certain symmetry, the perturbative corrections are to be included. In Refs. [14, 15] it was shown that the critical points of some transitions correspond themselves to certain symmetries which may be described by the solutions of specific differential equations.
Many publications developing the mentioned formalisms as well advancing new approaches have been accumulated along the time. To mention them would take too much space and moreover one meet the risk of omitting involuntary some valuable contribution.
Due to these reason we shall mention only those papers which are related to the present work.
The present paper is devoted to a systematic study of the CSM approach. In performing the present investigation, we have been stimulated by our previous publication [16] where the ground band energies for states of angular momentum going up to high values (36) and for a large number of nuclei (44) , have been described with very high accuracy with very simple and compact formulas. Thus, in a way this work is a natural extension of the procedure of the quoted paper to the excited bands. The exact and complex formulas for the matrix elements of the model Hamiltonian as well as of the E2 transition operator have been expanded in power series of a deformation variable x ( = d 2 where d is a real parameter which simulates the nuclear deformation) for small deformation and in power series of 1/x when the nuclear deformation is large. As a result, analytical compact formulas are obtained for both excitation energies and quadrupole electric transition probabilities. These formulas are positively tested for a large number of nuclei.
The above mentioned project was achieved according to the following plan. The basic ideas of the CSM approach are shortly reviewed in Section II. The near vibrational regime is described in Section III, while the asymptotic expansion for large deformations is given in Section IV. Numerical applications are presented in Section V and the final conclusions are summarized in Section VI.
II. THE COHERENT STATE MODEL FOR THREE INTERACTING BANDS
The model proposed in Ref. [5] is known under the name of CSM (coherent state model) and aims at describing in a realistic fashion the lowest three rotational bands, ground, beta and gamma. Here we describe briefly the basic ingredients. First one builds up a collective boson space being guided by the experimental picture. Thus, each band is generated by projecting the angular momentum from three orthogonal deformed states which modeled the ground, beta and gamma bands respectively, in the intrinsic frame of reference. The deformed ground band state is an axially deformed coherent state ψ g , while the other two intrinsic states are orthogonal polynomial excitations of the ground band model function.
These excitations were chosen such that they are mutually orthogonal both before and after angular momentum projection. All three states are depending on a real parameter d which simulates the nuclear deformation. In the limit d → 0 the projected states must go to the first three highest seniority states of the boson multiplets while in the asymptotic region,
i.e. large value for d, the states written in the intrinsic frame of reference have expressions similar to those associated to the liquid drop model, in the strong coupling regime. By this requirement we assure that the model states have a behavior which is consistent with the so called Sheline-Sakai scheme [17, 18] which makes a continuous link between the vibrational and rotational spectra. These properties are satisfied by the following three sets of projected states:
whereN denotes the quadrupole boson number operator:
Indeed H (2) has the property that its matrix elements between a beta band state and a ground band or a gamma band state are vanishing.
The interaction of the β-band with the rest of the boson space might be simulated by some additional terms in the model Hamiltonian, which do not affect the decoupling feature of the band:
Thus, the total Hamiltonian used by CSM for describing the ground, beta and gamma bands has the form:
The matrix elements of H between the states presented above are expressed in terms of the basic overlap integral I
J and its k-th derivatives, defined by 8) where P J denotes the Legendre polynomial of rank J.
III. THE VIBRATIONAL AND NEAR VIBRATIONAL REGIMES

A. Energies
As already mentioned, in Refs. [19] [20] [21] , it was proved that the projected states go to the first three highest seniority states respectively, when the parameter d goes to zero. For a easier writing, let us denote:
Inserting the truncated power series of the xI
J ,into the excitation energy expressions one obtains [24] :
10)
12)
The expansion coefficients A, R, U, V, Z, B and the quantity ∆E are given in Appendix A.
B. Reduced probability for E2 transitions CSM uses for the quadrupole transition operator the following expression:
The anharmonic term is the lowest order term in bosons which brings a non-vanishing contribution to the E2 transition between a state from the beta band and a state from the ground band.
Analytical expressions for transition probabilities are also possible. First we list the results for the limit of d → 0 of the non-vanishing matrix elements of the terms involved in the transition operator.
The final results are [20, 21] :
Note that in the limit of large J, the Alaga's rule [25] is valid even for the vibrational regime.
It is well known that the B(E2) values are very sensitive to the small variation in both the wave functions and transition operator. Therefore we include in the expression of the matrix elements of the transition operator the first order Taylor expansion in terms of the deformation parameter d. Then the B(E2) value characterizing a certain transition is obtained, in the Rose convention [26] , by squaring the corresponding reduced matrix element.
Intraband transition matrix elements are:
The interband transition matrix elements are: 
. (3.33)
In the limit d → 0 these expressions reproduce the m.e. corresponding to vibrational case (3.15), were some transitions are forbidden [20, 27] . Taking the next leading order of the transition m.e., the mentioned selection rules are washed out.
IV. LARGE DEFORMATION REGIME
One salient feature of CSM is the behavior of the projected states as function of the deformation parameter especially for the extreme limits of d → 0 and large d. While in the vibrational limit these are just multiphonon states in the rotational regime, i. e. for asymptotic values for deformation parameter d, the wave functions of the ground, beta and gamma band states predicted by the liquid drop model [1] in the large deformation regime are nicely simulated. Indeed as proved in Ref. [5] , writing the projected states in the intrinsic reference frame and then considering a large deformation d, one obtains:
where k is a constant defining the canonical transformation relating the quadrupole bosons and the quadrupole collective conjugate coordinates:
while the constants C J and f J are
It is worth noticing that the model Hamiltonian yields for the ground band similar excitation energies as the effective Hamiltonian
Averaging this Hamiltonian on a vibrational ground band state one obtains a quadratic expression in N, the number of bosons in the considered state:
In the asymptotic region for d the average matrix element of H ef f is [19] proportional to J(J + 1): 
A. Energies
The asymptotic expressions for the matrix elements are obtained by considering the behavior of the overlap integral I (0) J for large d. This is obtained by using the asymptotic expression for the hypergeometric function:
One finds that the dominant term of the asymptotic form of I
J is:
This suggests as trial function for the quantity I
J satisfying the differential equation (3.6) the following series:
This series expansion together with the differential equation offer a recurrence relation for the series coefficients.
Using the asymptotic form (4.8) as the limit condition, which infers
, the solution (4.9) is completely determined.
For big values of the deformation parameter, the series can be approximated by a truncation, such that one arrive at the following expression
This approximation can be substantially improved. Indeed, let us write the differential equation (3.6) in the form
and replace the first term by the derivative of the expression (4.11). Obviously, one obtains a quadratic equation for the quantity xI
J whose positive solution is:
where
Note that the mixing m.e. between ground and γ states are negligible within the approximation of large deformation.
Using the approximation (4.11), the energies of the β and γ bands can be written as follows:
The polynomials P, S, F , in J(J + 1), are given in Appendix B. To these equations we add the equations determining the excitation energies in the ground band:
In order to obtain a good agreement for β-band energies the use of an additional term accompanied by the A 4 or A 5 parameter is necessary for some few cases. For these additional terms the following asymptotic relations are used:
with the factors T n,β J , with n=4,5, and P β J defined in Appendix B.
B. Reduced probabilities for the E2 transitions
Taking the asymptotic limit of the exact m.e. of the quadrupole operator, one obtains very simple formula for transition m.e. for large deformation case. The asymptotic expressions for the reduced m.e. of the harmonic quadrupole transition operator are [27] :
while the β and ground band states are connected by anharmonic part of Q 2µ :
Note that in the asymptotic limit of the deformation parameter d, the projected functions are similar to that of the liquid drop model in the strong coupling regime. The ClebschGordan factorization of the transition probabilities is known in literature as Alaga's rule [25] . Thus, we may say that our description of the deformed nuclei is consistent with the Alaga's rule.
V. NUMERICAL RESULTS
The analytical expressions for energies and transition probabilities presented in the previous sections were applied to 42 nuclei from which 18 are considered to be near vibrational while 24 are well deformed. The results are compared with the available data for both energies and reduced transition probabilities. Results are presented in a slightly different order than in the previous sections. Indeed, we divide this section into two parts one devoted to energies and one to e.m. transitions. The reason is that we aim at pointing out the change in the spectrum structure and separately in the behavior of the transition probabilities when one passes from a near vibrational to a deformed regime.
A. Energies
Energies for near vibrational nuclei have been calculated with Eq.(3.10)-(3.13). The parameters involved were calculated by a least square procedure. The results are listed in Table   I . Therein we also give the root mean square for the deviations of the calculated excitation energies from the corresponding experimental data, denoted by χ, the total number of states in the three bands, the ratio E 4
and the nuclear deformation β 2 . The mentioned ratio indicates how far are we from the vibrational limit which is 2. Another measure of this departure is of course the deformation parameter d. For nuclei close to a spherical shape, d
is under-unity, while for a transitional nucleus d may become larger than unity. Since the energies are power series of x(= d 2 ) it is necessary to comment on the convergence of such series. A detailed study of this issue was presented in Ref. [16] , where it was shown that the convergence radius of the series associated to the overlap integral I
J si larger than unity. As a matter of fact this property allows us to consider the nuclei from Table I with d larger than unity but smaller than the convergence radius found in Ref. [16] as belonging to the class of near vibrational isotopes.
Excitation energies in ground, beta and gamma bands are presented in Fig. 1 as function of angular momentum. The case of 152 Gd is included in Fig. 2 where the other even isotopes of Gd are presented. From Fig. 1 we notice that 188, 190, 192 Os and 190, 194, 196 Pt the three bands are well separated and evolve almost parallel with each other. All the mentioned nuclei are gamma unstable since the band gamma is less excited than the band beta. In and the nuclear deformation β 2 [64] . In the fist column are listed the nuclei and the reference from where the experimental data are taken. The results concerning the fitted parameters for the well deformed nuclei are given in Table II, Table III and Table IV . Results for Gd isotopes are given separately in Table II and Fig. 2 . Except 154 Gd which seems to be the critical nucleus in the phase transition from SU(5) to SU(3) symmetry [28] , all isotopes from Table II Table I but for the Gd isotopic chain. Fitted parameters for some transuranic nuclei are given in Table I but for other nuclei. In Table IV The reduced number of the necessary parameters is explained by the fact that here the beta band is missing. Table I but for strongly deformed nuclei from the rare earth region. deformation and therefore the parameter A 1 is decisive in determining the excitation energies in the three bands. An interesting dependence on A + (N − Z)/2 is shown in Fig. 8 for the structure coefficient A 3 . Indeed in that case the points corresponding to the deformed rare earth nuclei cannot be interpolated by a single curve but by two parabolas. Three nuclei deviate substantially from the upper parabola. These are 164 Dy, 166 Er and 174 Yb. We remember that the band beta is decoupled from the ground and gamma bands. The coupling of this band to the upper bands is simulated by three boson terms having the coefficients A 3 , A 4 , A 5 . For the well deformed nuclei only one term is sufficient in order to obtain a good description for excitation energies in the beta band. This is the term multiplied by In the graph associated with A 1 , the discontinuity is met in 164 Dy and not 162 Dy. This is caused by the fact that the phase transition in this case is a slow process and not a sharp one. Coming back to Fig. 4 transitions which are forbidden in the vibrational limit but are described quantitatively well by the linear expansion of Q 2µ . We remark that for the branching ratios given in Table VIII, the results provided by the vibrational limit are in better agreement with the experimental data than those corresponding to a linear expansion of the transition operator. Moreover, some of the theoretical branching ratios are parameter independent. The agreement be- and all of them are nicely described by the formalism proposed.
It is worth mentioning that the list of nuclei considered in the present paper include isotopes of various "nuclear phases" with specific symmetries like gamma stable, gamma unstable, triaxial shape, deformed axial symmetric nuclei showing a SU(3) symmetry, critical nuclei of various phase transitions satisfying the symmetries E(5) ( 102 Pd) and X(5) ( 152 Sm, 154 Gd) respectively. In the isotopic chain of 152−162 Gd, two phase transitions take place namely from SU(5) to SU(3) with the critical nucleus 154 Gd and from SU(3) to O(6), i.e. to a gamma unstable shape, the critical nucleus being 160 Gd [28] . The properties of all these nuclei can be described fairly well by CSM. Moreover, in this work we present analytical expressions for energies and transition probabilities for vibrational, transitional and well deformed nuclei. Since the analytical formulas are easy to be handled, and by this paper they were positively tested, we may say that the results presented here represent a major achievement of CSM. Exp. Th. Th
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VI. CONCLUSIONS
The present paper consider the CSM approach in two extremes of small and large deformations. Thus, the matrix elements of the model Hamiltonian as well as of the E2 transition operator between the angular momentum projected states modeling the members of the ground, beta and gamma bands, are alternatively expanded in power series of x(= d 2 ) and 1/x. As a result the excitation energies in the three bands are expressed analytically as ratios of polynomials in x and 1/x respectively with the coefficients depending on angular momentum. Concerning the matrix elements of the E2 transition operator, for small deformation they are, with a few exceptions, linear functions in d, the expansion coefficients being rational functions of the angular momentum. In the large deformation regime the whole angular dependence of the mentioned matrix elements is contained by a Clebsch Gordan coefficient which is accompanied by a factor depending on d for intraband and independent of deformation for interband transitions.
This simple description is used to describe the available data for 42 nuclei exhibiting Changing the nucleus under consideration the coefficients are not changing chaotically but obey a certain rule expressed by their dependence on A + (N − Z)/2. In fact this is a measure of the predictability power of the CSM approach. As shown for the Gd isotopes CSM describes not only the nuclei corresponding to a certain symmetry but also those corresponding to the transition between them including the critical nucleus.
Comparing CSM with the Liquid Drop Model (LDM), one may say that CSM is a highly anharmonic model while LDM has a harmonic structure. However as we mentioned before in the large deformation situation the CSM wave functions are similar to those characterizing LDM in the strong coupling limit. Another successful anharmonic model was proposed by
Gneus and Greiner but that uses a large number of parameters and moreover the quadrupole conjugate momenta contribute to the Hamiltonian only through the quadratic terms. More- 
